(even jusified with the identical formulation in [8, 9] ) is that the solution of the kinetic equation for " ¤ # is not sensitive to the details of " ¤ # in the 1st-order integral contributions [9] . In Monte Carlo techniques, this approach has the advantage that the energy dependence of the parallel momentum (and energy) source function is fixed whereas the integral contributions from the 1st-order Rosenbluth potentials depend on the energy dependence of " # itself (requiring an additional energy grid).
Only the total parallel momentum (and energy) source strength can be easily estimated from the like-particle collision operator [10] in the Monte Carlo techniques. With this simplification, however, the different plasma species are coupled only by the diffusive part of the collision operator, e.g. the parallel momentum transfer from ions to electrons is not correctly included [8, 9] . As the parallel electron flow is strongly coupled to the parallel ion flow, here the 1st-order ion integral contributions on the electron " ¤ # cannot be ignored. This problem is removed if the electron-ion collision operator with only pitch-angle scattering included is formulated in the ion frame [11] [12] [13] . In this paper, a more precise treatment, which is a generalisation of the electron Ohkawa current contribution for neutral beam current drive [14, 15] , is applied for the benchmarking of these simplified collision operators with respect to the bootstrap current.
Several simplified collision operators with like-particle momentum conservation are benchmarked in this paper against the correct linearised operator for the first Legendre harmonic with the 1st-order Rosenbluth potentials for all plasma species included [6] . The most simplified case is a strict mono-energetic operator with only pitch-angle collisions and momentum correction for each energy seperately, i.e. the like-particle pitch-angle collisions are omitted in the correction technique; this model operator represents a worst case for reference. Since momentum conservation is strictly defined only in an integrated form, collision operators without energy diffusion but with different energy-weighted parallel momentum source terms are analysed. The operator with the weighting function introduced in Refs. [16, 17] is also included in this benchmarking. This form of the pitch-angle collision operator was applied in Ref. [18] in Monte Carlo simulations of tokamak neoclassical transport, and in particular in [12] for estimating the bootstrap current.
The other model operators include energy diffusion [8, 9, 13, 19] and differ only in the energy weighting function of the parallel momentum source. The benchmark is performed only for a pure plasma with a single ion species as plasmas with multiple ions species require a more complex treatment [20] in particular for the bootstrap current.
The paper is organised as follows. In Sec. II, the generalised Spitzer equation of Ref. [6] is briefly described which is the basis of the benchmarking of the simplified collision operators both for the electric conductivity and for the bootstrap current. The correct collision operator as well as the parallel momentum sources needed for the simplified like-particle operators is summarised.
Finally, the Green's function describing the impact of the parallel ion flow on the electron one is derived. Section III gives examples for the benchmarking of the collision operators under investigation at finite collisionalities for the W7-X "standard" configuration [21] at half the plasma radius. All the calculations are based on a precalculated database of mono-energetic transport coefficients from the DKES code [22, 23] . Finally, a summary and conclusions are given in Sec.
IV.
II. THE MODELS IN THE BENCHMARKING
First, the basic equation for the benchmarking of this paper, the generalised Spitzer equation, is introduced and briefly discussed. This equation is independent of details of the collision operators with parallel momentum conservation which are described later. 
B. Parallel momentum conserving collision operators
Different momentum conserving collision operators are included in this benchmarking which can be written in the form
For the model operators with only pitch-angle scattering, ® ¶ V ¿ is assumed. Otherwise, ®¸ d escribes the velocity diffusion with the diffusion coefficients defined from the Rosenbluth potentials with all Maxwellians,
with
for simplicity), these coefficients are in leading order in
i.e. only the electron pitch-angle term is affected by the ions. In eq. (3),
Legendre term of the pitch-angle collision operator, and ¼ ® is (the first Legendre term of) the momentum source function being responsible for parallel momentum conservation.
Correct collision operator
In eq. (3), the ù ¶ AE integral contribution from the 1st-order Rosenbluth potentials for all species Ã is defined by (see [6] )
The operator of eq. (3) in this form conserves both the parallel momentum in like-particle collisions and the total parallel momentum for all plasma species. Contrary to the simplified collision operators, no special treatment of the momentum transfer from ions to electrons is required. For
Monte Carlo techniques, however, this operator has the disadvantage that the evaluation of requires an additional -grid which might lead to reduced statistical accuracy. For the solution of the generalised Spitzer equation (1), this operator is the reference case in the benchmarking.
Strict mono-energetic collision operator
The simplest form of a parallel momentum conserving collision operator is obtained by omit-
The parallel momentum source function required for compensating the violation of the momentum conservation in like-particle collisions at each is given by
For this model operator, the like-particle pitch-angle collision term in 7 9 8 3 @ in eq. (1) disappears and, consequently, the ion momentum correction is based only on the parallel viscosity. The generalised Spitzer equation (1) is solved analytically leading to
The like-particle collision frequency scales with Ref. [12] for Monte Carlo simulations of the bootstrap current.
Simplified collision operators with energy diffusion included
Again, the integrated parallel momentum source strength is estimated from the "error" in the 
C. Parallel momentum transfer from ions to electrons
Whereas the parallel momentum transfer from electrons to ions is negligible, the inverse process is important and can be formulated by the generalised Spitzer equation with the 1st-order ion Rosenbuth potenials as the driving force equivalent to eq. (1),
Here, ǵ is the solution of the ion generalised Spitzer equation related to the ion parallel flow (e.g. the ion bootstrap current), which drives an additional ǵ due to the unlike-particle collisions. In principle, this electron flow can be obtained by solving eq. (9). For calculating only the (flux-surface averaged) parallel electron flow, µ ¶
, the formalism of the adjoint approach [24] is much more convenient.
is defined by the electron Spitzer equation (with parallel viscosity included)
With integration by parts, the traditional Green's function form is directly obtained
with the Green's function (where
In the collisional limit,
Ç ¾ H
agrees well with Hirshman's fit formula [25] . Even for high energy neutral beam injection (NBI), the fast beam particle velocity is typically small compared to
III. BENCHMARKING RESULTS
Here, the simplified collision operators with momentum source correction are compared with the correct operator with the 1st-order Rosenbluth potentials included. The mono-energetic transport coefficients Û Ý Ü ± Ü (parallel conductivity) and Û Ý Ü Ö Þ (bootstrap current) are interpolated from a precalculated database of the W7-X "standard" configuration (vacuum) at half the plasma radius.
(The benchmarking of the momentum correction technique using the correct linearised collision operator also for tokamaks has been shown in Ref. [6] .) Since the simplified collision operators cannot be applied to scenarios with multiple ion species, only a pure electron-proton plasma is assumed in this benchmarking of the parallel conductivity (Sec. III A) and the bootstrap current (Sec. III B).
A. Parallel conductiviy
For evaluating the parallel conductivity, the ions are assumed at rest, i.e. by using the weighted operator with energy diffusion of eq. (8) is very close to the correct result whereas a significant overestimate is found for both of the other simplified operators; see Fig. 1 (on the right). These deviations at higher ì can be important for estimating the electron cyclotron current drive efficiency [27] with the adjoint approach. In addition, the collisional [25] and the collisionless [28] limits are well reproduced by the correct operator for very small and very high temperature, respectively. The collision operators are compared with respect to the parallel particle, Fig. 2 . These flows are defined by
As was already indicated from . Consequently, the two scenarios of a pure density and a pure temperature gradient are analysed here. Furthermore, it was shown in Ref. [6] , that the impact of the parallel flows and, consequently, of the parallel momentum conservation on the radial fluxes is negligible for stellarators (except for high collisionalities). Here, the ¾ AE ¿ is calculated from the ambipolarity condition of the particle fluxes without momentum correction.
For the correct collision operator defined in eqs. (3) (4) (5) , the coupled system of integrodifferential equations for ions and electrons is solved directly, the momentum exchange between ions and electrons is included here. The parallel momentum source corrections (only for the likeparticle collision operators) of eqs. (6) and (8) are restricted to the species Ç in eq. (1), i.e. two independent integro-differential equations are solved for the simplified operators with energy diffusion (the independent analytical solutions for the pure pitch-angle collision operators are given in eq. (6)). For all the simplified operators, the momentum exchange from ions to electrons described by eq. (11) results in a flux-surface-averaged electron flow which is added to the one driven by the radial gradients (the momentum transfer from electrons to ions is neglected).
An important optimisation criterium in the W7-X stellarator concept was a minimisation of the bootstrap current to allow for the control of the edge rotational transform and for a proper island divertor operation [29] . This is most successfully realised in the high-mirror W7-X configuration [6] where the bootstrap current can even change sign by increasing the toroidal field ripple [30] .
For the standard W7-X configuration, however, the bootstrap current increases the edge rotational transform and can have a significant effect on the magnetic island topology in the divertor. On the other hand, this configuration is characterised by significantly reduced neoclassical transport and will be important for high-performance W7-X operation. Thus, this standard W7-X configuration is selected here for benchmarking of the impact of the different collision operators on the bootstrap current.
The scenarios with a pure density gradient (and the ambipolar ) for the collision operators with correct solution. This result is also found at other collisionalities. At high collisionalities, however,
has an equivalent shape, but the magnitude is smaller leading to the reduced parallel ion flow in Fig. 5 compared to the correct solution. These findings for the parallel ion flow are rather similar to the electron Spitzer function results shown in Fig. 1 
) which is not the case for the other simplified model operators. With respect to the ion flow, these discrepancies, in particular at larger h , are strongly reduced in the convolution with the Maxwellian leading to the rather reasonable agreement shown in Fig. 5 .
IV. SUMMARY AND CONCLUSIONS
Several linearised collision operators with parallel momentum source corrections are benchmarked against the correct form based on the first-order Rosenbluth potentials for both the parallel conductivity and the bootstrap current. Simplified collision operators of this type are commonly used in -Monte Carlo simulations, but a detailed analysis of their reliability for estimating the parallel flows was previously lacking.
Generally, rather reasonable agreement of the simplified operators with the correct formulation is found. The strict mono-energetic collision operator as the most simplified one represents something like a worst case of an operator with momentum conservation. The deviations of this model operator from the correct solution, however, is comparable to the pure pitch-angle collision operator without energy weighting. Except for higher collisionalities, rather reasonable agreement is only found for this type with an energy-weighting function which corresponds to the energy weight of the "error" in the like-particle momentum conservation (i.e. This Kovrizhnikh-Connor model operator [16, 17] without energy diffusion, however, leads to a significant overestimate of the momentum correction for the bootstrap current in case of a pure temperature gradient scenario where the driving force changes sign with respect to energy. For this case, the energy diffusion contribution in the model operators becomes important.
The unweighted collision operator with energy diffusion is less accurate compared with the weighted one with p g 9 h A i q u g 9 h A i w v 3 h y x
(also corresponding to the energy weight of the "error" in the like-particle momentum conseration), for which very good agreement with the correct collision operator was found (even for the corresponding Spitzer functions). This collision operator with the weighted parallel momentum source correction suggested in [13] is thus to be favoured for calculating the parallel flows.
